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Abstract
We study the domain wall soliton solutions in the relativistic self-dual
Maxwell Chern-Simons model in 1+1 dimensions obtained by the dimensional
reduction of the 2 + 1 model. Both topological and nontopological self-dual
solutions are found in this case. A la BPS dyons here the Bogomol’ny bound
on the energy is expressed in terms of two conserved quantities. We discuss
the underlying supersymmetry. Nonrelativistic limit of this model is also
considered and static, nonrelativistic self-dual soliton solutions are obtained.





The 2 + 1 dimensional Maxwell Chern-Simons (MCS) system has already been
studied, and existence of charged vortices of nite energy has been shown [1]. Self-dual
topological and nontopological soliton solutions can be obtained in this case provided one
also adds a neutral scalar eld to the theory [2]. The nonrelativistic limit of this model was
also considered and the self-dual soliton solutions have been obtained [5].
Some time ago the 1 + 1 dimensional nonlinear Sigma model [6] were obtained by
dimensional reduction of certain 2 + 1 dimensional nonlinear Sigma models and soliton
solutions in the 1 + 1 dimensional case were shown to be similar to the BPS dyons of 3 + 1
dimensional Yang-Mills Higgs theory. This work was extended further by the inclusion of
the Chern-Simons term [8] and self-dual soliton solutions were again obtained. Recently the
1 + 1 dimensional reduction of the abelian Higgs model with pure Chern-Simons term was
considered and explicit topological and nontopological domain wall solutions were obtained.
The purpose of this paper is to consider the dimensional reduction of the abelian Higgs
model with Chern-Simons (as well as Maxwell) term (and a neutral scalar eld). We show
the existence of the self-dual topological as well as nontopological domain wall solutions in
this dimensionally reduced theory. The nonrelativistic limit of this model is also considered
and soliton solutions are again obtained. In section II we obtain the model by dimensional
reduction of the 2 + 1 MCS model. Here we study the invariance of the Lagrangian and the
corresponding two conserved charges. In section III we obtain the BPS-type bound [7] on
energy and show that the bound is saturated when the self-dual equations are satised by
the elds. In section IV we study the self-dual equations and obtain both the topological
and the nontopological domain wall solutions for the system. In section V we consider the
underlying N = 2 supersymmetry. In section VI we consider the nonrelativistic limit of the
model and again obtain the self-dual soliton solutions and study their properties. Finally in
section VII we conclude the results.
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II. THE MODEL

































Here N is a real scalar eld,  is complex scalar eld, c is the velocity of light and As are
gauge elds. This model has two degenerate vacua. The symmetric phase, having vacuum
expection value <  >= 0; < N >= 0 and the asymmetric phase having <  >= v;< N >=
e2v2
c
. In the symmetric phase the complex scalar eld  has mass e
2v2
c2
. The neutral scalar
eld N and the gauge elds have the mass . In asymmetric phase there are two massive















The scalar elds also combine into two massive modes with masses m. This model (in
2 + 1 dimensions) possesses a Bogomol’ny-type bound [3] and has static self-dual soliton
solutions.


















R− U(R; ;N) (3)
where
D = @ − iA

















Here for simplicity we put c = 1. We identify the y independent component of Ay(t; x; y) as
R(x). The symmetric phase is again given by <  >= 0; < N >= 0, but now < R >= R0
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where R0 is arbitrary. In this case the gauge elds as well as the R eld are massless while





. In the broken phase
< N >= e
2v2

; <  >= v;< R >= 0. In this case the gauge elds and the scalar eld R
become massive having masses equal to
p
2e2v2, while the scalar eld N and Higgs eld
combine to give two massive modes with masses m given by eq.(2) with c = 1.

















From now onwards we do the calculations with the new eld variables which are functions
of ~x. We shall omit tilde from x and now we will take x for ~x unless otherwise specied.
Then the dimensionless Lagrangian becomes,
2
e4v6
LMCS1+1 = L =
1
2k










r − V (f; n; r) (7)
where,




f(x) = j’j2; k =
2
e2v2
; d = @ − ia(x); (8)
In the limit k −!1 the Lagrangian reduces to [9]
L = r(x)f01(x) + (d’)
(d’)− f(x)r2(x)− f(x)(f(x)− 1)2 (9)
which is the pure Chern-Simons Higgs Lagrangian. This system admits known topological
and nontopological soliton solutions. The theory is invariant under U(1) gauge transforma-
tion and the corresponding current is,
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j = if(d’)’− ’d’g (10)























; n(x) = 0; r(x) = 0: (11)
where prime denotes derivative with respect to space coordinate. Here C0 is some arbitrary
constant. The above transformations leave the theory invariant only after using the equations















III. EQUATION OF MOTION AND SELF DUALITY
Now varying the Lagrangian(7) with respect to the elds we get the equations of motion:
1
k


















f(x) (n(x)− 1) = 0; (15)
dd
’+ fr2(x) + (n(x)− 1)2 + k (f(x)− n(x))g’ = 0: (16)
where eq.(13) is the Gauss law equation. Using the Gauss law equation, (and putting


























f 201(x) + r




2 + V (f; n; r) (19)
Here overdot denotes derivative with respect to time. We study the system in the static
ansatz where we have _n(x) = 0 = _r(x). Integrating by parts and using the Gauss law
equation the energy density can be expressed as
E(x) = jd0’+ i(n(x)− 1)’(x) cos− ir(x)’(x) sinj
2























f01(x) (r(x) sin + (1− n(x)) cos) + f(x) (1− n(x)) sin
0
(20)
Here  is an arbitrary angle variable. The last term in the above expression vanishes after







sin + (r(x)(1− f(x)))0 cos (21)
This is a Bogomol’ny type bound. The lower bound on energy is saturated when the following
self-dual equations hold
d0’+ i(n(x)− 1)’(x) cos− ir(x)’(x) sin = 0;
d1’+ (n(x)− 1)’(x) sin+ r(x)’(x) cos = 0;
1
k
(r0(x)− f01(x) sin) + (f(x)− n(x)) cos = 0;
1
k
(n0(x) + f01(x) cos) + (f(x)− n(x)) sin = 0: (22)
These along with the Gauss law eq.(13) are consistent with the second order static equations
of motion as given by eqs.(14) to (16). We can rewrite the above self-dual equations as,
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1k
f 001(x) + r
0(x) + 2f(x)f(n(x)− 1) cos− r(x) sing = 0;
f 0(x) + 2f(x)f(n(x)− 1) sin + r(x) cosg = 0;
1
k
(r0(x)− f01(x) sin) + (f(x)− n(x)) cos = 0;
1
k
(n0(x) + f01(x) cos) + (f(x)− n(x)) sin = 0: (23)













f 00(x)− 4f(x)(f(x)− 1) = 0: (24)


















where we have used the fact that (rf) vanishes at both 1.
IV. ASYMPTOTIC PROPERTIES
The niteness of energy requires that the elds have to satisfy some boundary conditions.
From the expression of energy density we nd that the elds have to take one of the following
two set of values as x! 1. They are:
f(x) = 1; n(x) = 1; f01(x) = 0; r(x) = 0: (27)
or
f(x) = 0; n(x) = 0; f01(x) = 0; r(x) = r0: (28)
Where r0 is an arbitrary real constant. For the asymmetric solutions the elds at +1 take
one of the above sets of values and at −1 the other. But for the symmetric solutions the
elds takes the second set of values both at +1 and at −1.
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A. Asymmetric Solution
It is dicult to solve the self-dual equations analytically. However we can obtain the
asymptotic form of the various elds. Consider rst the asymmetric solution for which let
the elds take the values (27) at −1 and (28) at 1. Then from the fourth order equation
we nd that for x −! −1, the eld f behaves as









k2 + 8k: (30)
Here q is some arbitrary constant.
Using the above expression for f in the self dual equations we nd that the behaviour of the
elds n; r and f01 as x −! −1 are,











elx + ::::: (31)






















+ 4 = 0 (33)
Then from the self-dual equations we nd,
n(x) −! b0e
−mx + :::::;
r(x) −! ~d0 + d0e
−mx + :::::;
f01(x) −! c0e
−mx + :::::: (34)
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k(2 +m sin) +m(m+ 2 sin)
















Q = ev2 ~d0: (37)
while E is given by eq.(26). In case one assumes the same exponent at 1 i.e. m = l then
Y , Q and E are solely determined by k and the angle . Further as k −!1, Y , Q and E
reduces to their expressions in the pure Chern-Simons case [9].
We have also found numerical solution to the fourth order eq.(24) in the asymmetric
case with the boundary values as given by eqs.(29) and (32). The prole of the Higgs eld
in case k = 0:01 is given in g.1.
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FIG. 1. Asymmetric Solution for k=0.01
B. Symmetric Solution
For the symmetric case, we assume that the prole of the eld f is symmetric around
x = 0. To know the behaviour of f around x = 0, we expand the eld f as,
f(x) = a+ bx2 + cx4 + ::::: (38)







kb− a2k2(a− 1) = 0 (39)
For x −! 1 we nd from the fourth order equation, that f(x) is similar to that given in
eq.(32), and hence the elds n; r and f01 are similar to those given in eq.(34).



































where ~d1 and ~d2 are the value of r(x) at −1 and at +1 respectively. From the above
expressions it can be seen that
E =





and Y = E sin; ev
2


















where R = tan is the average value of R. Mass of the elementary excitation in the unbroken












which means that the symmetric solution is at the threashold of stability.
We have also found numerical solutions to the fourth order eq.(24) in the symmetric
case with the boundary value as given by eqs.(40) and (32). The prole of the Higgs eld
f(x) is given in case k = :01 (we have chosen a = 0:8; b = 0:08; where a; b are given by
eq.(39)).
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FIG. 2. Symmetric Solution for k=0.01
V. SUPERSYMMETRY
We have obtained the supersymmetric model by dimensional reduction of the three di-
mensional supersymmetric Maxwell Chern-Simons model [10,11]. The Lagrangian in two








































 −  

−N  (47)





. The Lagrangian has the following N = 2 supersymmetry.
































Here we have choosen γ0 = 2; γ
1 = i1; γ
5 = γ0γ1 = 3;  = diag(1;−1). The supercharge
































































It can be easily varied that the central charges Y and Z are equal to the Noether and
topological charges after a eld redenition.
VI. NONRELATIVISTIC MODEL











in Lagrangian (1). Neglecting higher order terms of 1
c


















N2 + ic D0 + ic ~ 





















j j2 + j ~ j2

N (53)
(Here all the elds are functions of x and not of ~x). After dimensional reduction and
restricting only to the zero anti-particle sector we get the following nonrelativistic Lagrangian




































This is same as the nonrelativistic limit of the dimensionally reduced relativistic 1+1 dimen-
sional Lagrangian. As before, let us express the Lagrangian in terms of the dimensionless




















(f(x)− n(x))2 − r2(x)f(x); (55)





 is dimensionless. The dimensionless energy density E(x) is
2
e6v4
~E(x) = E(x) =
1
2k
(f 201(x) + (r




(n(x)− f(x))2 + (dx)
(dx) + r
2(x)f(x)− 2n(x)f(x) (56)
The equations of motion are
2id0+ d
2









r − f01(x) + 2r(x)f(x) = 0; (57)
1
k
f 001(x) + r
0(x) + 2f(x) = 0 (58)
For static elds we have _r(x) = 0 = _n(x). Using the Gauss law equation (55) we express
the energy density as
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In the case of the static elds we have the following coupled rst order self-dual equations
which can be shown to be consistent with the above eld equations.
1
k
r0(x) = (f(x)− n(x));
n0(x) = f01(x);
f 0(x) = 2r(x)f(x); (60)
1
k
f 001(x) + r
0(x) + 2f(x) = 0:
The energy has a lower of bound zero which is saturated when the elds satisfy the above
self-dual equations. Eliminating the elds n; r; f01 from the above equations we get the












which is analogous to the Liouville equation. The niteness of energy requires that the
eld f vanish at both 1. It can be easily shown that the fall o is not power law but




















+ 4 = 0 (63)









Bx + ::::: (64)
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This solution is expected to be symmetric around x = 0. To know the behaviour around
x = 0 we can expand the elds around it as
f(x) = ~A+ ~Bx2 + ~Cx4 + ::: (66)
Then from eq.(58) we nd
k2

~B + 2 ~A2

+ 2k ~A ~B − 12 ~C = 0 (67)











in case one assumes the same behaviour of the elds at 1.
VII. CONCLUSION
In this paper we have studied the domain wall soliton solutions in the self-dual Maxwell
Chern-Simons systems in 1+1 dimensions. Here we found BPS type bound which is saturated
when the self-dual equations holds. The numerical solutions for both the topological and
the nontopological soliton equations were obtained. Further the asymptotic properties of
the elds are also studied. We considered the underlying N = 2 supersymmetry of this
model by dimensional reduction of the 2 + 1 dimensional model. Finally we have studied
the non relativistic limit of the model. This work raises few questions which need to be
looked into. For example, can one generalize the model to non abelian case? There may
16
be a gauged version of the nonlinear sigma models with Maxwell and Chern-Simons term
with higher gauge group which could lead to a richer variety of two dimensional models
with BPS-type energy bound. Further in three dimensions, the maximal supersymmetry for
Maxwell Chern-Simons system is N = 3 [12]. In two dimensions it may be worth enquiring
as to what maximal supersymmetry is allowed. Also it would be interesting to study the
fermionic and bosonic zero modes and to check whether the energy bound is saturated at
the quantum level or if there are quantum corrections.
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